In this paper, we use the "complexity equals action" (CA) conjecture to discuss the action growth rate in a black hole with multiple Killing horizons for a higher curvature theory of gravity. Based on the Noether charge formalism of Iyer and Wald, a general formalism can be resorting to finding the action growth rate within the WDW patch at the late time approximation. Moreover, as an application, we apply this formalism to a U (1) invariance matter fields and utilise our results in two specific cases. Our results are universal and can be considered as the extension of the asymptotic AdS to the arbitrary asymptotic one.
I. INTRODUCTION
In recent years, there has been a growing interest in the topic of "quantum complexity", which is defined as the minimum number of gates required to obtain a target state starting from some reference states [1, 2] . In the holograph viewpoint, Brown et al. suggest that the quantum complexity of the state in the boundary theory is corresponding to some bulk gravitational quantities which are called "holographic complexity". Then, the two conjectures, "complexity equals volume" (CV) [3, 4] and "complexity equals action" (CA) [5, 6] , were proposed. These conjectures have aroused researchers' widespread attention to both holograph complexity and circuit complexity in quantum field theory, e.g. .
In the present work, we only focus on the CA conjecture, which states that the complexity of a particular state |ψ(t L , t R ) on the AdS boundary is given by
where I WDW is the on-shell action within the corresponding Wheeler-DeWitt (WDW) patch, which is enclosed by the past and future light sheets sent into the bulk spacetime from the timeslices t L and t R on the asymptotic boundary. It has been pointed out in [3, 4] that the late time approximation of the action growth rate should satisfy the following bound conditions uncharged :
where Ω and µ are the angular velocity and chemical potential of the black holes, and the parameters M, J and Q are the black hole mass, angular momentum, and charge, respectively. The subscript "gs" denotes the ground state of the black hole. These conditions play a crucial role * jiejiang@mail.bnu.edu.cn in testing the compatibility and preciseness of the CA conjecture. The first step to accomplish this test is computing the action growth rate. Hence, It is necessary for us to obtain a general formalism of the late time action growth rate in a stationary black hole.
In the previous works [40] [41] [42] [43] [44] , the CA conjectures for a variety of gravitational theories in the black holes with either the single or multiple horizons have been investigated. Those results lead to a natural conjecture that the action growth rate for a single horizon black hole can be obtained by taking the limit of its corresponding multiple horizons into one, e.g., the D-dimensional RN-AdS black hole, Rotating/charged BTZ black hole, Kerr-AdS black hole, and Charged Gauss-Bonnet-AdS black hole in [40] , as well as the rotating BTZ black hole in critical gravity which we will shown in IV B. The Multiple-horizon black hole is a more general setting as it reduces to the single horizon case by the limiting process. Therefore, in this paper, we only focus on the multiple-horizon black hole case. There are two typical cases: one is the RNAdS black hole case with the timelike infinity, and the other is the charged Gauss-Bonnet-AdS black hole with the spacelike infinity. The line element is described by
where
are the blackening factors for the RN-AdS and the charged Gauss-Bonnet-AdS black hole, individually. Their Penrose diagrams with the WDW patch are shown in Fig.1 .
Moreover, the results in [40] [41] [42] [43] [44] suggested an expression of the action growth
for a multiple-horizon black hole in a guage-gravity theory. presence of the interaction mater field? To answer this question, in the following, we will calculate the action growth rate for any stationary multiple-horizon black hole, and then compare our result with Eq.(4). It is worth mentioning that these quantities in (4) might be expressed as the conserved charges which are generated by corresponding Killing vectors in the stationary spacetime by the Iyer-Wald formalism. These conserved charges are first derived by Iyer et al. [45] in asymptotic flat space and then developed to arbitrary asymptotic one by Wontae Kim et al. [46] . Therefore, the primary goal of this paper is to investigate that whether it is possible to express the late time action growth rate by the Iyer-Wald formalism in a multiple horizons black hole.
The structure of this paper is as follows. In section II, We briefly review the Iyer-Wald formalism for an invariant theory. In section III, we investigate the action growth rate for a higher curvature gravitational theory coupled with arbitrary matter fields. In section IV, we focus on a particular case where the matter fields are composed of a U (1) gauge field and its corresponding complex scalar field. Then, in order to compare with the existing results, we evaluate the action growth rate for the Einstein-Maxwell theory and the rotating BTZ black hole in the critical gravity, respectively. Concluding remarks are given in section V.
II. IYER-WALD FORMALISM FOR AN INVARIANT THEORY
In this paper, we would like to use the Noether charge formalism proposed by Iyer and Wald [45] to investigate the late time action growth rate within WDW patch in a multiple Killing horizons black hole. We know that each symmetry relates to a physical quantity. Moreover, this relation can be constructed by the Iyer-Wald formalism in general invariant theory. Here, we adopt this method to establish a general formalism of the action growth rate in an arbitrary asymptotic spacetime coupling any matter fields.
Firstly, we consider a general diffeomorphism invariant theory derived from a Lagrangian L = L where the dynamical fields consist of a Lorentz signature metric g ab and other fields ψ. Following the notation in [45] , we use boldface letters to denote differential forms and collectively refer to (g ab , ψ) as φ. Generally, the action can be divided into the gravity part and matter part, i.e., L = L grav + L mt . The variation of the gravitational part with respect to g ab is given by
is locally constructed out of φ and its derivatives and Θ is locally constructed out of φ, δg ab and their derivatives. The equation of motion can be read off as
is the stress-energy tensor of the matter fields. Let ζ a be the infinitesimal generator of a diffeomorphism. Exploiting the Bianchi identity ∇ a T ab = 0, one can obtain the identically conserved current for a generic background metric g ab as
. With similar arguments in [45] , this (n − 2)-form can always be expressed as
is the Wald entropy density in which
Assuming that ζ is an asymptotic symmetry, then, there exists a quasilocal ADT conserved charge [46] associated with ζ,
Particularly, when ζ a is taken to a rotational Killing vector ϕ a in an axisymmetric spacetime, the corresponding conserved charge can be given by
which can be interpreted as the angular momentum of the black hole in an arbitrary asymptotic space [46] . For a general higher curvature theory, it can be given by
In Einstein gravity, it turns out that
which is exactly the standard definition of the angular momentum in Einstein theory. Substitute (7) into (8), one can obtain
where we denote
One can verify that d (χ ζ · ) = 0, so there also exists a (n − 2)-form Λ[ζ] such that 
III. ACTION GROWTH RATE FOR A HIGHER CURVATURE GRAVITATIONAL THEORY
In this section, we consider a stationary black hole with multiple bifurcate Killing horizons, and denote the "outer" Killing horizon and the first "inner" Killing horizon to H + and H − , separately. Let
be their horizon Killing fields of this black hole which will vanish on the bifurcation surface, where t a = (∂/∂t) a is the stationary Killing field with unit norm at infinity, ϕ In what follows, we turn attention to the action growth rate within WDW patch at the late time in this stationary black hole for a higher curvature gravitational theory. The corresponding full action can be expressed as [33] 
where λ is the parameter of the null generator k a on the null segment,Ψ = k a ∇ a X cd cd and Θ = ∇ a k a is the expansion scalar with l ct an arbitrary length scale.
We first consider the bulk contribution to the action growth. As illustrated in Fig.2 , the bulk contributions only come from the bulk region δM ± generated by the Killing vector ξ a ± through an asymptotic null hypersurface N ± which terminates on the portion Σ ± of the Killing horizon H ± . Then, the action change contributed by the bulk action at the late time approximation can be shown as
For simplification, we will neglect the index {±}. Turning to the bulk contribution from δM , we have
where we use δλ = δt by (18) . The relation L ξ φ = 0 implies Θ(φ, ξ) = Θ(φ, L ξ g) = 0. According to (15) , one can obtain
Since the Killing horizon contain a bifurcate surface, the first term in (9) vanishes. Then, one can find
on the horizon H, where ab is the binormal of surface Σ, and ξ a ∇ a ξ b = κξ b on the horizon. With this in mind, (22) becomes
with S = 2π Σ X cd cd . Considering these relations, (20) 
with any (n − 2)-surface S. Here the index ± presents the quantities evaluated at the "outer" or first "inner" horizon. Next, we turn to the boundary and corner contributions to the action growth. Without loss of generality, we shall adopt the affine parameter for the null generator of the null surface; as a consequence, the surface term vanishes on all null boundaries. Meanwhile, we choose l a as the null generator of the null boundary N , in which l a satisfies L ξ l a = 0. Then, the time derivative of the counterterm contributed by N vanishes. For the null segment on the horizon H, since L ξ g ab = 0, we haveΨ = 0, i.e., this counterterm contribution also vanishes.
The affinely null generator on the horizon can be constructed as k a = e −κλ ξ a = e −κλ ∂ ∂λ a . The transformation parameter can be shown as [33] 
Then, we have
Combining those contributions, we have
where J (µ) denotes the angular momentum associated the Killing vector ϕ a (µ) and Ω
(µ)
± denotes the velocity of the horizon H ± . Moreover, the charge Λ Σ± is the quantity which characterizes the matter fields on the "outer" and "inner" horizon. Through the explicit calculation in the U (1) gauge matter fields, one can find that these charges become the quantities associated with the chemical potentials and charges on the corresponding horizon. This is a general expression of the late time action growth rate within WDW patch on the arbitrary asymptotic spacetime coupled with any matter fields. If this is a pure gravitational solution, this formalism will cover all of the results in the multiple Killing horizons black hole [40] .
IV. SPECIAL CASE: U(1) GAUGE MATTER FIELD
As an application, we will consider the matter fields which are composed of a U (1) gauge field and its corresponding complex scalar field. And it can be described by the action ansatz
where F 2 = F ab F ab with F = dA, and Dφ = dψ +iAψ is the covariant derivative of the complex scalar field. The variation of the gauge field part with respect to A a is given by δL =Ẽ a δA a + dΘ(φ, δA) .
The equation of motion can be shown as
and
is the n-current density of the complex scalar field. One can obtain
when considering a gauge transformation δA = dα with an arbitrary scalar field α and substituting it into (31) . By using the conserved relation ∇ a j a = 0 and the equation of motion (32), we can also define a conserved current of the gauge field
According to (31) , one can further obtaiñ
Setting α = 1 and denotingK =K [1] , one can define the charge of the gauge field in the spatial region which is bounded by (n − 2)-surface S as
Then, we turn to the late time growth rate of the action. For the last term in (29), we have
where we have used the symmetric property, i.e., L ξ φ = 0, as well as the equation of motion (32) . Considering (17) and (37), we have
where Φ = −ξ a A a is the gauge field potential. By using the smoothness of the pullback of A a and the stationary condition, one can show that Φ H = − ξ a A a | H is constant in the portion of the horizon to the future of the bifurcation surface. If we assume that the black hole is asymptotic static, we have A a ϕ a | ∞ = 0. Then, the action growth rate within the WDW patch can be shown as
Throwing out the complex scalar field, this expression will go back to the result (4) in the sourceless gravityMaxwell case [40] . According to (36) , one can find that
with Q = ∞K the total charge of the black hole. This expression illustrates the effect of the complex scalar field. It shows the difference between (4) and (41) , where Q in (4) is the total charge of the black hole, while Q Σ in (41) is only the charge inside the corresponding horizon.
A. Explicit case 1: Einstein-Maxwell theory
To compare with the existing results, let us first consider a D-dimensional Einstein-Maxwell gravity. The bulk action can be written as
Then, the corresponding quantities in (41) can be expressed as
which are the standard definitions of the chemical potential at each horizon and the electric charge of the black hole, separately. It means that our final formalism (41) will give the same result in [40] for the RN-AdS black hole, rotating/charged BTZ black hole as well as the Kerr-AdS black hole in Einstein-Maxwell theory.
B. Explicit case 2: Rotating BTZ black hole in critical gravity
Finally, to compare our result with the higher curvature case, we consider a 3-dimensional rotating BTZ black hole in critical gravity whose action is given by
And the corresponding line element can be expressed by
with the blackening factor
Then, one can obtain the Ricci tensor,
According to the Eqs.(10), (48) and the action (45), one can further obtain
The parameters M and J can be expressed by the outer and inner horizon r ± , M = r 
By Eqs. (12), (36) and (49), we can obtain
From the line element (46) , the angular velocity can be written as
With these in mind, the action growth rate can be expressed as dI dt = 4J Then, the single horizon result reduces to
by the limiting process r − → 0, in which
is the ADM mass for the critical gravity [44, 47] . And this is exactly the results derived in [44] .
V. CONCLUSION
In conclusion, we have obtained a general expression (29) of the action growth rate within the WDW patch in a multiple Killing horizons black hole for a higher curvature theory of gravity. The final expression only relies on the Noether charge of the spacetime on the Killing horizon or asymptotic infinity. This result is universal and can be considered as a generalization of the asymptotic AdS to the arbitrary asymptotic one. Finally, we used this formalism to evaluate the late time action growth rate for the U (1) invariant matter fields. To compare with the existing results, we studied the action growth rate for the Einstein-Maxwell theory and the rotating BTZ black hole in the critical gravity, respectively. Then, we found that it covers all of the results in previous letters [40] [41] [42] [43] [44] .
